An effusive volcanic eruption results from a sequence of different processes, such as the pressurization of a magma chamber, the propagation of a dyke and the flow of lava at the Earth' surface. The aim of this paper is to establish relationships between the different quantities describing such processes. We consider a spherical magma chamber filled with a low-viscosity magma and included in a homogeneous and isotropic elastic half-space. We assume that, as a result of the inflow of fresh magma or a phase transition, the pressure in the chamber increases slowly during a finite time interval. Assuming that the pressure increase is linear in time, we calculate the stress field generated in the surrounding medium considering the chamber as a centre of dilation. We assume that a vertical tensile fracture originates at the top of the magma chamber after the rock strength is exceeded. The fracture is assumed to propagate quasi-statically along a vertical plane, driven by the stress distribution: both the cases of positive and negative buoyancy force are considered. The problem is solved in two dimensions by considering the fracture as a tensile Somigliana dislocation and expanding the associated stress release into Chebyshev polynomials. The fracture may reach the Earth's surface or not, depending on the depth and radius of the magma chamber, the rate and duration of pressure increase, the rock and magma densities and the rock strength. When the fracture reaches the Earth's surface, we assume that it becomes a vertical conduit. Magma pours out from the vent, driven by the pressure gradient in the conduit. Under the assumption of laminar flow of a Newtonian fluid, we evaluate the initial effusion rate as a function of the relevant model parameters. The flow rate is found to be a non-linear function of the density contrast. We also establish a relationship between the flow rate in the conduit and the initial thickness of the ensuing lava flow, in the case of effusion on a steep slope.
I N T RO D U C T I O N
An effusive volcanic eruption is the result of several interconnected processes: a change in conditions of the magma chamber, the onset and upward propagation of a tensile fracture, the flow of magma in the volcanic conduit, the effusion and flow of lava at the Earth' surface. As to the processes taking place in the magma chamber, it is largely accepted that eruptions may be triggered by an overpressure in the chamber (e.g. McLeod & Tait 1999; Pinel & Jaupart 2004; Roper & Lister 2005; Scandone et al. 2007) . If the overpressure is large enough, a tensile fracture may open in the country rock allowing the intrusion of magma, which may reach or not the Earth's surface depending on local conditions. Blake (1981) suggested that the overpressure may be due to the replenishment of the chamber from a deeper level within the volcanic system. Geodetic data can be often interpreted in terms of refilling of the volcanic plumbing system and reservoir (e.g. Owen et al. 2000; Segall et al. 2001; Bonaccorso et al. 2005) . Tait et al. (1989) considered the exsolution of volatile components in a saturated magma to be an additional source of pressure in the magma chamber.
The propagation of pressure-driven fractures through the Earth's crust has been considered by many authors. Early theoretical studies on dyke propagation were made by Anderson (1936) , Anderson (1951) . Pollard (1973) proposed a 2-D mechanical model for sheet intrusions based on the elastic deformation around a pressurized elliptical hole. Pollard & Muller (1976) hypothesized that the asymmetry of dykes could be a function of gradients in the regional stress and magma pressure at the time of intrusion. The stress fields surrounding magma sources of 682 S. Santini, A. Tallarico and M. Dragoni various geometries and their influence on dyke emplacement were studied by Muller & Pollard (1977) and Pollard & Segall (1987) . Delaney & Pollard (1982) modelled the effect of magma cooling and solidification on the dyke shape. The mechanics of dyke and sheet emplacements was also treated by Parker et al. (1990) and Baer & Heimann (1995) .
Fluid dynamics of magma flow in ideal dykes has been treated by several authors, such as Wilson & Head (1981) , Spence & Turcotte (1985) , Spence et al. (1987) , Spence & Turcotte (1990) , Lister & Kerr (1991) , Rubin (1995) , Fialko & Rubin (1999) , Mériaux et al. (1999) , Bokhove et al. (2005) , Roper & Lister (2007) . Bonafede & Olivieri (1995) and Bonafede & Danesi (1997) studied the propagation of a vertical dyke in the case when the density of magma is greater than the density of the crust. Gudmundsson (2002 Gudmundsson ( , 2006 proposed mechanisms to explain the arrest of dykes in the crust. Rivalta & Dahm (2004 , 2006 and Rivalta (2010) modelled magma-filled dykes embedded in fractured media and performed buoyancy-driven fracture experiments.
As a rule, these different processes have been considered separately. For instance, the magma flow in a volcanic conduit or a lava flow on the ground are modelled by assuming a given flow rate (e.g. Dragoni 1989; Tallarico & Dragoni 1999; Dragoni & Santini 2007) . More work in this sense has been done for explosive eruptions, where the changes in physical quantities are rapid and a neat separation of the volcano into subsystems is less feasible (e.g. Scandone et al. 2007) . A comprehensive model of magma chamber evolution and flow through a volcanic conduit in the explosive case has been proposed by Macedonio et al. (2005) . Costa et al. (2009) underline the role of the elastic deformation of the dyke in this kind of eruptions.
In this paper we consider effusive eruptions and establish relationships between the physical conditions in the magma chamber, such as the rate and duration of pressure increase, and the flow rate of magma in the conduit and on the ground. In particular, we consider a pressurized magma chamber from which a vertical tensile fracture is generated. In our model, the magma chamber can be any magma accumulation that can develop a pressure large enough to produce a potentially eruptive fracture. We describe the quasi-static propagation of the fracture, regarded as a tensile dislocation in an elastic half space. Both the cases of positive and negative buoyancy force are considered. If the fracture reaches the Earth's surface, the eruption time and the initial flow rate and thickness of lava are calculated as functions of the conditions at depth. The model results will be compared with typical effusive eruptions on Mt. Etna.
T H E M O D E L
The Earth's crust is represented as a homogeneous and isotropic elastic half-space, with Lamé constants λ and μ and Poisson modulus ν. The free surface is the plane z = 0 of a Cartesian coordinate system, with the z-axis pointing vertically downwards (Fig. 1) . We assume that the half space includes a spherical cavity with radius R and centre at the point (0, 0, d), representing a magma chamber. The top of the chamber is at depth z = c. The density of solid rocks is ρ 0 , while the density of magma is ρ m . We further assume that solid rocks have a resistance σ t to tensile stress.
Stress originating the fracture
We assume that a pressure increase takes place in the magma chamber as a consequence of the inflow of fresh magma or of phase transitions occurring in the chamber itself. There is often evidence of volcano inflation prior to eruptions on Mt. Etna (Bonaccorso & Davis 2004; Bonaccorso et al. 2005; Aloisi et al. 2009 ).
Magma ascent and effusion from a tensile. . . We assume that the pressure increase has a finite duration T = t 2 − t 1 , during which the ensuing overpressure p(t) increases linearly with time t:
where K is a constant pressure rate (Fig. 2) . The value of p 0 will be chosen in order that the condition for fracture is reached at t = 0. The overpressure in the magma chamber produces a stress field σ c (x, t) that can be approximately evaluated by considering a centre of dilation placed at the centre of the chamber with moment (e.g. Bonafede et al. 1986 ).
M(t)
In the region 0 ≤ z ≤ c over the magma chamber, σ c is horizontally isotropic and might produce a vertical tensile fracture with any orientation. For the sake of simplicity, we assume that the fracture takes place on the plane y = 0 and is controlled by the stress σ c (z, t) on the line x = 0, y = 0. This is reasonable since the horizontal length L of the fracture is small with respect to the radius R of the magma chamber. The stress σ c (z, t) is calculated from the formulae given by Okada (1992) for a Poisson solid and is reported in Appendix A, where the value of p 0 is also given. Let a(t) be the vertical length of the fracture at time t. If g is the acceleration of gravity, the magma within the fracture exerts a normal stress
Fracture propagation is hindered by the lithostatic stress
and by resistance σ t . The stress release associated with the fracture is then
According to its definition, σ (c, 0) = 0 and, for reasonable values of the density constrast ρ 0 − ρ m , σ (z, 0) is negative for z < c. For t > 0, tensile stress exceeds compressive stress (hence σ > 0) over the lower part of the segment 0 ≤ z ≤ c and the fracture is generated. We assume that the pressure in the magma chamber is not influenced by the intrusion of magma in the fracture, since the additional volume available to magma in the fracture is usually a small fraction of the magma chamber volume. This point will be considered in more detail in Section 3.
Fracture propagation
The fracture can be described as a tensile Somigliana dislocation propagating upward driven by the overpressure p(t). Since we are interested in the upward motion of the dislocation, we simplify the problem and consider a 2-D model, where the dislocation is assumed to be very long 684 S. Santini, A. Tallarico and M. Dragoni in the x direction (still maintaining the assumption L R). Rigorously, the condition for a 2-D model would be a L, which is fulfilled only partially, since the final value of a is c. This assumption has however the great advantage that the problem can be solved analytically.
The motion is quasi-static, being controlled by the slow pressure increase in the magma chamber. A Somigliana dislocation can be represented as a distribution D(z, t) of elementary dislocations with infinitesimal Burgers vectors (Bilby & Eshelby 1968) , which is the solution of the equilibrium equation
where σ e yy is the tensile stress produced by an elementary dislocation on the plane y = 0. The dislocation amplitude is then calculated as
where b is the Burgers vector of an elementary dislocation. Following Bonafede & Danesi (1997) , we introduce the non-dimensional quantities
where z is the depth of an elementary dislocation line. We consider the fracture as the upper half of a Somigliana dislocation extending in the interval c − a ≤ z ≤ c + a: accordingly, we introduce a non-dimensional stress release
which is defined so that τ (ζ , t) = τ (−ζ , t) in the interval 0 ≤ ζ ≤ 1. We also introduce a non-dimensional dislocation density
Thanks to (9)- (11), (17) can be written as
where τ e yy is given in Appendix B. We also introduce a non-dimensional dislocation amplitude
so that (8) can be written as
To solve (12), we apply a technique based on Chebyshev polynomials (e.g. Erdogan et al. 1973) . The stress release is expanded as
where U k are Chebyshev polynomials of the second kind, and
The dislocation density is expanded as
where T n are Chebyshev polynomials of the first kind. If we introduce in (16) the stress release τ derived from (12), we obtain
that we write as
where we have defined
Inserting next (B7) and (17) in (19), we obtain
Magma ascent and effusion from a tensile. . .
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The first term under the integral signs can be easily integrated thanks to the following properties of Chebyshev polynomials
where δ nk is the Kronecker delta. We also take into account that the coefficient α 0 must vanish, if we require that the dislocation amplitude u vanishes at dislocation tips (e.g. Bonafede et al. 1985) . Then (21) reduces to
This is an infinite system of linear equations that can be written as
where
with
The terms β k are calculated in Appendix C, while integrals I 1 and I 2 are calculated in Appendix D. The problem is then reduced to determining the unknown coefficients α n (t) in the linear system (25), that can be truncated at the order N and solved numerically. The coefficients α n (t) are functions of the dislocation length a(t), which is part of the solution. The dislocation is confined by the stress distribution on the plane y = 0 and its length is assigned by the condition (e.g. Bonafede et al. 1985 )
This condition avoids unphysical stress singularities at the dislocation tips. Once a(t) and the α n (t) have been obtained, the dislocation amplitude can be calculated. Inserting (17) in (14), we obtain
The solution of I 3 is given in Appendix D and the result is
According to (9) and (13), the dimensional dislocation amplitude is then
The fracture reaches the Earth's surface only if t 2 ≥ t e , where t e is the eruption time, defined by
The eruption time is a function of the depth and radius of the magma chamber, the rate of pressure increase, the rock and magma densities and the rock strength. 
Lava flow
When the fracture reaches the Earth's surface, the solution (33) is no longer valid. In the mathematical model envisaged here, the real and the image dislocations merge and the amplitude u(z) attains its maximum at z = 0. The final fracture length c is only one-fourth of the total dislocation length and the shape of the fracture does not depart too much from a vertical conduit with uniform amplitude. For the sake of simplicity, we assume that the fracture has a uniform amplitude (Fig. 3 )
The intruded magma flows through the volcanic conduit. Due to the high temperature, close to the liquidus, we consider the magma as a Newtonian fluid. We also consider a magma with low viscosity and low volatile content, so that the flow is laminar. Since we are only interested in the beginning of the eruption, we consider an isothermal problem, neglecting the thermal interaction between the flowing magma and the conduit walls (Turcotte 1990 ). Accordingly, a constant viscosity η m is assumed for the magma. The magma flow is driven by a pressure gradient
where we neglect the atmospheric pressure. It is reasonable to assume that the length L of the fracture in the x direction is much greater than w. Then the volume flow rate in the conduit is approximately
and the average velocity of magma is
The flow rate q 0 coincides of course with the flow rate q 1 of the ensuing lava flow. Hence (37) highlights the dependence of initial flow rates of lava on the physical quantities controlling the eruption, such as the pressure in the magma chamber, the density and viscosity of magma and the conduit geometry. The observed change in flow rate as a function of time during an eruption (e.g. Wadge 1981 ) is a consequence of a change in such quantities. A relationship can be found between the conditions at depth and the initial thickness of the lava flow, under the assumption that lava is erupted from a long fissure. We assume that the vent is on the flank of a volcano, having a slope θ, as shown in Fig. 3 . We also assume that the slope is steep enough that there is no lava accumulation in the proximity of the vent. In other words, we assume that the dominant driving force in the flow is the body force ρ m g sin θ and neglect the pressure gradient due to uneven flow thickness (e.g. Dragoni et al. 2005) . Under steady-state conditions, if the thickness of the lava flow is h, the associated volume flow rate is
where the viscosity η m of lava is the same as that of the magma in the conduit. This is justified by our interest in the beginning of the eruption, when the cooling of lava is negligible. Accordingly, the average flow velocity of lava is
The ratio between the average velocities in the conduit and in the flow can be easily found to be
For the continuity equation, we set q 0 = q 1 , hence
which is independent of lava viscosity. Numerical estimates show that the factor within parentheses is not too different from unity: hence the initial flow thickness is of the same order as the vent opening w.
D I S C U S S I O N
The present model establishes relationships between quantities characterizing different stages of an effusive volcanic erutions. We considered a vertical tensile fracture propagating from a pressurized magma chamber to the Earth's surface, the upward motion of a low-viscosity magma along the volcanic conduit and the ensuing lava flow. We assumed that the magma chamber is spherical, with radius R and depth d, and that the pressure increases linearly in time with rate K during a finite time interval T. If the pressure becomes large enough, a fracture is produced. According to this model, the fracture will reach or not the Earth's surface depending on the duration T of the pressure rise and the density contrast ρ 0 − ρ m between the magma and the host rock. The overpressure p(t) contributes to fracture onset and propagation both directly, by pressurizing the magma within the fracture, and indirectly, by producing a deformation of the chamber and a tensile stress σ c in the elastic medium, considered as a Poisson solid. The intensity of σ c is a function of the radius R, the pressure p(t) and the distance from the chamber.
The onset of fracture occurs when p(t) reaches a value p 0 , which is a function of the resistance σ t of rocks, the chamber radius R and its depth d. The pressure p 0 is smaller than σ t and, for d/R > 2, is substantially equal to (2/3) σ t . The time lapse during which p > p 0 is t 2 = T − p 0 /K . The condition for having an eruption is that t 2 ≥ t e . This implies that an overpressure episode of duration T is more likely to produce an eruption when p 0 is small and/or K is large.
To illustrate the results, we fix some of the model parameters: the rigidity μ and the resistance σ t of rocks, the radius R of the magma chamber, and the duration T of pressure increase: μ = 10 GPa, σ t = 6 MPa (Okubo & Fukui 1996) , R = 1 km, T = 30 days (a time interval comparable with the duration of many eruptions on Mt. Etna). Accordingly, we have p 0 4 MPa.
The fracture propagation and the eruption time do not depend on the separate values of densities ρ 0 and ρ m , but only on their difference ρ 0 − ρ m . Fig. 4 shows the total stress σ c + σ m + σ driving the fracture on the plane y = 0, with a source depth d = 2 km, a density contrast ρ 0 − ρ m = −400 kg m −3 and a pressure rate K = 0.5 MPa d −1 . In this case, we have t 2 22 days and the maximum value of overpressure is K T = 15 MPa. As time increases, the intersection of each stress curve with the value of σ t moves upward, implying a corresponding movement of the fracture tip. The eruption time t e is shown in Fig. 5 for a magma chamber depth d = 2 km. A negative (i.e. downward) bouyancy force increases the eruption time t e ; a positive (upward) buoyancy force decreases t e . Therefore, for a given value of t 2 , it may happen that the fracture will reach the Earth's surface if ρ 0 − ρ m is large (not necessarily positive), while the fracture will stop within the crust if ρ 0 − ρ m is small. The graph in Fig. 5 also shows that, for a given density contrast, the product K t e is a constant independent of K: this indicates that the eruption time is inversely proportional to the pressure rate. The eruption time can be shorter than 1 day, if ρ 0 − ρ m and K are large enough. The fracture propagation is illustrated in Figs 6 and 7 in the cases d = 2 and 3 km, respectively. We assume again K = 0.5 MPa d −1 .
Three density contrasts are considered in each figure: ρ 0 − ρ m = − 400, 0 and +400 kg m −3 . When there is a positive buoyancy force, the eruption times can be very short both for the deeper and for the shallower source. In all cases, t e < t 2 , so that the fracture reaches the Earth's surface.
As explained, we assume that the fracture becomes a vertical conduit of uniform width w, when it reaches the Earth's surface. The conduit width w is shown in Fig. 8 as a function of the density contrast ρ 0 − ρ m , in the case d = 2 km. It can be seen that w is larger for large values of |ρ 0 − ρ m | and has a minimum for ρ 0 − ρ m = 0. This is a consequence of the fact that the fracture width u is proportional to the stress release σ . When ρ 0 − ρ m 0, the buoyancy force is negative and reduces σ , but the eruption time t e is large and σ becomes large due to the term p(t). When ρ 0 − ρ m 0, the buoyancy force is positive and makes σ large, even if t e is small. Note that w is inversely proportional to rigidity μ and is independent of K.
During dyke propagation, the volume of magma intruded in the dyke is at most
With L ranging from 10 to 100 m, w = 1 m and c = 1 km, this volume is much smaller than the volume V of the magma chamber, if R = 1 km. If the magma is incompressible, the pressure decrease in the magma chamber due to the withdrawal of a volume V of magma is approximately (e.g. Williams & Wadge 1998) 
whence p p 0 , if p 0 is in the order of a few Megapascal. This justifies the assumption that the dyke propagation has a small effect on the magma chamber. In our model, depressurization starts when the dyke breaches the Earth's surface and an increasing amount of lava is effused. This stage of the eruption is not considered, and the model can only yield the initial rate of the lava flow.
Eqs (36) and (37) establish a relationship between the initial volume flow rate q 0 in the conduit and the overpressure in the magma chamber, the depth of the chamber and the density contrast between magma and solid rock. The flow rate q 0 is shown in Fig. 8 as a function of ρ 0 − ρ m . The source is at depth d = 2 km, the horizontal fracture length is L = 10 m and the magma viscosity is η m = 10 3 Pa s. Greater fracture lengths yield correspondingly larger flow rates. Being proportional to the cube of w, the flow rate is a strongly non-linear function of the density contrast.
Finally, eq. (42) gives an expression for the initial thickness h of the ensuing lava flow. The formula links some properties of the lava flow, such as flow thickness, ground slope and lava density, to the properties of the magma chamber and the eruption conduit, and to the eruption time. According to (42), h is independent of lava viscosity. In Fig. 9 , h is plotted as a function of ground slope θ, in the cases d = 2 and 3 km and for the density contrasts ρ 0 − ρ m = − 400, 0 and +400 kg m −3 . A magma density ρ m = 2600 kg m −3 is assumed. As anticipated, the formula holds for relatively steep slopes: when θ is very small, the assumption of uniform flow thickness can not be maintained. For similar values of w, positive density contrasts yield thicker lava flows than negative density contrasts. The opposite is observed for the deeper source, since in this case w is much larger for the positive then for the negative density contrast. These results could be compared with available observations on volcanoes with prevailing effusive activity, such as Mt. Etna. The eruptions of Etna have been divided into different classes according to the location and direction of the eruptive conduit (Bonaccorso & Davis Magma ascent and effusion from a tensile. . . 2004; Aloisi et al. 2009 ). In most cases one may assume that magma accumulation takes place at a certain depth, where a pressure large enough to produce an eruptive fracture is developed (e.g. Patané et al. 2003) .
As an example, we may consider a source with radius R = 1 km at depth d = 2 km. If we assume a pressure increase lasting for enough time, a pressure rate K = 0. and magma, the fracture will reach the Earth's surface in a time interval t e ranging between 1 and 10 days. The fracture width w will be in the order of 1 m (it can be smaller only in the particular case of vanishing density contrast). If the horizontal fracture length is L = 10 m and the lava viscosity is η m = 10 3 Pa s, the initial effusion rate may be as high as 20 m 3 s −1 , if the density contrast is 400 kg m −3 : this is a typical value of effusion rate for a medium-size eruption of Mt. Etna (Andronico & Lodato 2005; Harris et al. 2007) . If the ground slope is between 
C O N C L U S I V E R E M A R K S
The model is based on several simplifying assumptions which deserve to be commented. In particular, the choice of a spherical magma chamber allows us to relate easily the stress field σ c due to pressurization to the radius R of the chamber. An approximate solution for the displacement and stress fields produced by a pressurized, spherical cavity in an elastic half-space was given by McTigue (1987) . This solution is a series expansion in powers of the ratio R/d and results in higher-order corrections to the classical Mogi (1958) solution for a point-like source. In our model, σ c is only one contribution, and not the greatest, to the total stress release associated with the fracture. In addition it is reasonable to consider values R/d ≤ 0.5. Therefore we neglect higher-order corrections and employ the simpler point-like solution in the form given by Okada (1992) . Geometrical shapes different from a sphere would of course change the stress field around the chamber, for a given value of the overpressure: such fields should be calculated numerically. However the relationships that could be established between the geometrical parameters of the chamber and the physical processes concurring to the eruption should not be qualitatively different.
As to the pressure increase in the magma chamber, the processes producing it are usually regarded to be very slow and the assumption of a linear dependence of pressure on time seems reasonable in the absence of strict evidences from geophysical data.
A regional stress field could be easily introduced in the model by adding its yy component in (6). This additional stress would modify the time of fracture onset and, in the case it were laterally inhomogeneous, even the trajectory of the dyke (Martí. & Geyer 2009) .
We assume that the fracture propagates through a homogeneous medium. In real situations, local stress inhomogeneities and mechanical discontinuities may be present, leading to dyke deflection or even arrest, as shown by Gudmundsson et al. (2010) . The effect of layering on the propagation of a 2-D fracture has been considered by Bonafede & Rivalta (1999) with the same formalism based on Chebyshev polynomials, and could be incorporated in the present model.
A viscoelastic behaviour is often assumed for volcanic regions. However the effective viscosities of solid rocks are generally high and should scarcely affect a process such as dyke propagation, which takes place in a relatively short time: hence the assumption of an elastic medium. Inelastic deformation may be important on longer timescales.
A major approximation of the present model is coupling a 3-D magma chamber to a 2-D dyke, since the condition for doing this is fulfilled only in the early stage of dyke propagation. This results in an approximate estimate of the stress field driving the dyke and of the eruption time. The advantage is that the propagation problem can be solved analytically to a large extent, offering a clearer outlook of the relationships between the physical quantities involved.
A further limit of the model is that we do not consider the depressurization of the magma chamber starting when the dyke breaches the Earth's surface. Accordingly, our estimate of the lava effusion rate regards only the initial value of this quantity. Cases in which deflation occurs prior to eruption are not accounted for by the model.
The aim of this model is to link the main processes (pressurization of the magma chamber, dyke propagation, lava flow) concurring to an effusive volcanic eruption and to show how the physical quantities characterizing each process can be related to each other. Further work in this direction, avoiding the weakest assumptions and taking into account the complexities of volcanic regions, will require a fully numerical approach and may give a deeper insight into the problem.
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A P P E N D I X A : S T R E S S F I E L D P RO D U C E D B Y A C E N T R E O F D I L AT I O N I N A N E L A S T I C H A L F -S PA C E
The analytical solution of the elasticity equations for a centre of dilation embedded in an elastic half-space was initially derived by Mindlin (1936) and Mindlin & Cheng (1950) and was applied to volcanology by Mogi (1958) . We use the displacement field u i (x, y, z) given by Okada (1992) . In this Appendix, (x, y, z) are Okada's coordinates, where the z axis is directed upward. 
To calculate J 2 , we employ the trigonometric representation of Chebyshev polynomials ζ = cos θ, U n (θ ) = sin(n + 1)θ sin θ . 
Integration yields
Finally,
The integral J 3 is calculated numerically.
A P P E N D I X D : C A L C U L AT I O N O F S O M E I N T E G R A L S
Integral I 1 can be written as
We introduce the trigonometric representation of Chebyshev polynomials, setting ζ = cos θ, ζ = cos θ (D3)
T n (θ) = cos nθ, U n (θ ) = sin(n + 1)θ sin θ
Then
where α(θ) = cos θ + 2γ.
Since the integrand is an even function of θ , we can write
The integral can be solved by integration in the complex plane z if we set
Hence, if C is the unit circle with centre at z = 0,
